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A three-layer slab waveguide with air as a substrate, lossless dielectric as a guiding film, and
anisotropic double negative material as a cladding is explored as an optical sensor for refractometry
applications. The double negative material is assumed to have a negative electric permittivity and
magnetic permeability only along the wave propagation direction. The sensitivity of a guided mode
to the variation in the refractive index of air substrate is derived and studied for the first few guided
modes. It is found that the sensitivity can be enhanced with decreasing the guided light frequency
as well as the film thickness. The sensitivity can reach 100% for some waveguide configurations.
Keywords: anisotropic waveguides, optical sensing, double negative materials.

1. Introduction
In the last two decades, slab waveguide sensors have played a remarkable role in
chemical and biological sensing applications [1–5]. Much progress has been observed
in the field of slab waveguide sensors over the last two decades due to their advantageous features with respect to electric sensors such as rapid response, direct detection,
and immunity to electromagnetic interference. Moreover, they have small size and
weight and can be used in aggressive and ionizing environments. The latest trends in
optical waveguide sensors include compatibility with mass production processes and
multiple analyte detection. Another significant feature of slab waveguide sensors is
that they are easy to interface with optical data communication systems. Optical sensors are classified according to sensing architecture and mechanism. There are various
architecture slab waveguide configurations such as mode waveguides, surface plasmon
resonance, metal clad waveguides, interferometers, anti-resonant reflecting optical
waveguides, Bragg gratings, integrated optical microcavities, and silicon slot waveguides. On the other hand, there are a set of sensing mechanisms such as modal index
of refraction change in the guiding structures, fluorescence, surface plasmon resonance, Raman scattering, and absorption change. It is worth comparing between planar
waveguide sensor and some other sensors. The principle of operation of mode waveguide sensor is based on the evanescent field penetrating the analyte layer from the
guiding layer and senses the changes in the index of refraction of the analyte. The sens-
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ing principle of metal-clad waveguide and surface plasmon resonance sensors is to
measure the reflectance as a function of the angle of incidence. The use of metal-clad
waveguide and surface plasmon resonance structures as optical sensors is based on
measuring the angular shift in the reflectance dip/peak when the index of refraction of
the analyte changes. A cavity ring-down [5] setup involves an optical cavity made from
two or three mirrors. Light is coupled into the cavity through one of the mirrors and
light leaking out of the cavity is detected. When a cavity resonance is excited, power
builds up in the cavity and then decays exponentially as the light source is switched
off. The decay time is a direct measure of the optical loss in the cavity. In cavity ringdown spectrometers the optical loss is changed by filling the cavity, at least in part,
with an absorber, which can then be quantified. Most cavity ring-down spectrometers
are designed for very sensitive gas absorption measurements and have volumes of tens
to hundreds of milliliters.
Slab waveguide sensors can be used to measure almost any external parameter such
as chemical and biological parameters with high accuracy and speed. Biosensors are
used to measure the presence of biological molecules and micro-organisms by converting biochemical interactions at the probe surface into a measurable signal. Biosensors have wide applications in drug industry, diagnostics, and medical tests. Intensive
research has been carried out to develop biosensors for fast and sensitive detection and
has resulted in various efficient techniques [6–21].
Currently double negative materials (DNMs) have received a lot of interest by the
scientific community [22–47] due to their potential applications such as absorbers, filters, couplers, antennas, and superprisms. These media are known as “metamaterials”
and are quite different from the conventional ones. One of the most important feature
of these materials is the negative index of refraction. Although such a phenomenon
was initially met with some doubt [24], numerical simulation [26] and experimental
evidence [27] have proved the existence of negative refraction. The mechanism of negative refractive index can be divided into local resonance and non-local Bragg scattering. There is no limit imposed on the sizes of the lattice constants in the local resonance
mechanism in which the period of the structure could be much smaller than the working
wavelength. DNMs belonging to this mechanism are approximated to be isotropic homogeneous media [28]. VESELAGO first pointed out DNMs with simultaneously negative electric permittivity and magnetic permeability in 1968 [23]. Few decades later,
several theoretical and experimental groups have investigated DNMs due to their potential applications in a set of interesting applications.
The main aim of the current work is to propose a slab waveguide sensor of high
sensitivity utilizing DNM taking into account the real properties of DNMs such as loss,
dispersion and anisotropy.
In recent studies, slab waveguide sensors utilizing DNMs were proposed and
analyzed. Reverse index slab waveguide sensor with DNM guiding layer was investigated [48]. The proposed four-layer structure was found to have larger adlayer sensitivity over conventional slab waveguide sensors having a dielectric material in
the guiding layer. Sensitivities of three and four layer slab waveguide structures having
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DNM films were derived and compared [49]. It was found that the DNM enhances
the cover layer as well as the adlayer sensitivities. The novelty of the current work in
comparison with the studies presented in [48, 49] is taking into account the dispersion
and anisotropy properties of the DNM which were ignored in previous studies.
In this paper, a three-layer slab waveguide structure is treated as an optical sensor
for refractometry applications. The substrate contains the material to be detected (analyte). The guiding film and cladding are assumed to be a lossless dielectric and
an anisotropic DNM, respectively. The sensitivity of the proposed sensor is investigated
with the frequency of the guided light for different transverse electric (TE) modes.
The effect of the anisotropy of the cladding layer on the sensitivity is also explored.

2. Mathematical analysis
Figure 1 shows a schematic of slab waveguide sensor configuration in which the analyte
medium is located in the substrate. The waveguide comprises three layers: substrate
with parameters ε 1 and μ 1, guiding film of thickness h and parameters ε 2 and μ 2, and
anisotropic DNM in which [ε 3] and [μ 3] are given as tensors. Each tensor contains only
three non-zero elements. The DNM cladding is assumed to exhibit negative parameters
in the longitudinal direction only, i.e., ε 3z < 0, μ 3z < 0, ε 3x > 0, ε 3y > 0, μ 3x > 0, and
μ 3y > 0. The longitudinal components of [ε 3] and [μ 3] are given by the empirical relationships
2

ωp

ε 3z = 1 – -----------------------------2
ω + i Γe ω

(1)

2

μ 3z

Fω
= 1 – --------------------------------------------2
2
ω – ω o + i Γm ω

(2)

where ωp is the plasma frequency, ωo is the resonance frequency, Γe and Γm are
the electric and magnetic loss factors, ω is the angular frequency, and F is the fractional
area of the unit cell occupied by the split ring.
x
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h
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[ε3], [μ3]

ε2, μ 2
z
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ε1, μ 1

Fig. 1. Schematic geometry of a three-layer slab waveguide structure including an anisotropic DNM as
a cladding layer.
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The wave equation in the anisotropic DNM cladding for TEm modes is given by
2

2
∂ Ey ( x )
 β μ 3z

------------------------ – -------------------- – ω 2 ε 0 μ 0 ε 3y μ 3z E y ( x ) = 0
2
 μ 3x

∂x

(3)

whereas in the guiding film and substrate it is given by
2

∂ Ey ( x )
------------------------ – ( β 2 – k 20 ε i μ i )E y ( x ) = 0,
2
∂x

i = 1, 2

(4)

where k0, ε 0, and μ 0 are the free space wave number, permittivity, and permeability,
respectively; β is the longitudinal propagation constant. The solutions of the wave
equations in the three media of the waveguide structure are given by
E y ( x ) = E 1 exp ( q 1 x ),

x<0

E y ( x ) = E 2 cos ( q 2 x – d ) ,

(5)

0<x<h

(6)

x>h

(7)

E y ( x ) = E 3 exp [ – q 3 ( x – h ) ],
where
2

2

q1 =

β – k0 ε 1 μ1

q2 =

k0 ε 2 μ2 – β

q3 =

3z
------------ ( β 2 – k 20 ε 3y μ 3x )

2

2

μ
μ 3x

(8)
(9)
(10)

Two non-zero components of the magnetic field exist: Hx (x) and Hz (x). They can be
calculated in the anisotropic DNM using Hx = – β /(ωμ 0 μ 3x)Ey and Hz = i/(ωμ 0 μ 3z) ×
× ∂ Ey /∂x whereas they can be calculated in the guiding film and substrate using Hx =
= – β /(ωμ 0 μ i)Ey and Hz = i/(ωμ 0 μ i)∂ Ey /∂x. As tangential components, both Ey(x)
and Hz(x) are continuous. Applying the continuity of these components at x = 0 and
x = h, the characteristic equation is obtained which is given by
–1

–1

q 2 h – tan ( ϕ 3 )tan ( ϕ 1 ) – mπ = 0

(11)

μ2 q3
μ2 q1
where ϕ 3 = -------------------- , ϕ 1 = ------------------ , and m = 0, 1, 2, … is the mode number.
μ 3z q 2
μ1 q2
Equation (11) has to be solved numerically for the longitudinal propagation constant β which can be written as β = k 0 N with N being the modal index of refraction
of the guided mode.
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When the index of refraction of the analyte layer undergoes any change due to any
contamination, the modal index changes. This change in N is the sensing probe used
to detect any changes in the index of the analyte. The sensitivity of the slab waveguide
is defined as the rate of change of the modal index under an index change of the analyte,
i.e., S = ∂ N /∂ n1, where n1 = (ε1 μ1)1/2 is the index of refraction of the analyte layer.
Differentiating Eq. (11) with respect to N, we get
2 2

μ1 μ2 q2 k0 n1

S = --------------------------------------------------------------------2
τ3
k 0 Nh 
 τ1
τ 2  ---------- + ---------- + -----------------
q2 
τ4
 τ2

(12)

where
2

2

2

(13)

2 2

(14)

τ1 = μ1 μ2 k0 N ( q1 + q2 )
2 2

τ2 = q1 q2 ( μ1 q2 + μ2 q1 )
2

2

2

τ 3 = μ 2 μ 3z k 0 N ( μ 3z q 2 + μ 3x q 3 )
2

2

2 2

τ 4 = μ 3x q 2 q 3 ( μ 3z q 2 + μ 2 q 3 )

(15)
(16)

3. Numerical results
In the following simulation, the guiding film of the waveguide is assumed to be silicon
nitride (Si3N4) with parameters ε2 = 4.04, μ2 = 1, and nf = (ε2μ2)1/2 = 2.01 and the analyte layer is air with ε1 = μ1 = 1 and ns = (ε1μ1)1/2 = 1.0. Uniaxial anisotropic DNM
is considered to exist in the cladding region in which the longitudinal permittivity and
permeability are negative and dispersive as given by Eqs. (1) and (2), respectively,
whereas the transverse components are positive and are given by ε3x = ε3y = 2.25 and
μ3x = μ3y = 1 (ncx = ncy = (ε3x μ3x)1/2 = 1.50). The DNM cladding is assumed to be
lossy material and have the parameters F = 0.56, ω0 = 4 GHz, ωp = 10 GHz, and
Γe = Γm = 0.012ωp. The characteristic equation was solved numerically in the frequency range 4.0 GHz < ω < 6.0 GHz and the sensitivity of the waveguide structure to any
change in the index of the analyte layer was calculated using Eq. (12). The longitudinal
refractive index of DNM can be calculated using Eqs. (1) and (2). For example, at
ω = 6 GHz, ncz = (ε3z μ3z)1/2 = [(–1.78 + 0.06i)(–0.007 + 0.04i )]1/2. The sensitivity of
the proposed sensor versus the angular frequency of the guided light is shown in Fig. 2
for the fundamental mode. The fundamental mode (TE0) is found to exist in the frequency range 4.0 GHz < ω < 4.4 GHz for guiding film thickness h range from 0.1 to
0.5 mm. The numerical simulation showed that the existence of a guided mode is crucially dependent on the thickness of the guiding film and the operating frequency range.
As the figure reveals, the sensitivity decreases with increasing the frequency for a fixed
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Fig. 2. Sensitivity versus angular frequency for the fundamental mode for different guiding film
thicknesses for ε1 = 1, μ1 = 1, ε2 = 4.04, μ2 = 1, ε3x = ε3y = 2.25, and μ3x = μ3y = 1, F = 0.56,
ω0 = 4.0 GHz, ωp = 10.0 GHz, and Γe = Γm = 0.012ωp. The inset shows the field profile for TE0 mode
for h = 0.5 mm.

guiding film thickness. This behavior can be attributed to the reduction of the penetration depth of the evanescent field into the analyte layer as the frequency of the guided
light increases. As the frequency increases, the wavelength decreases and penetration
depth of the wave in the surrounding media also decreases since it is comparable to
the wavelength. Moreover, as the thickness of the guiding film increases for the same
ω, the sensitivity decreases since increasing the thickness of the film enhances the confinement of the wave in the guiding film and reduces the evanescent field in the analyte
layer. The sensitivity ranged between 0.99 ≤ S ≤ 0.57 for h = 0.1 mm, 0.96 ≤ S ≤ 0.53
for h = 0.3 mm, 0.94 ≤ S ≤ 0.50 and for h = 0.5 mm.
To demonstrate the possibility of microbe detections, the electric field intensity
profile across the structure layers was calculated and plotted in the inset of Fig. 2 for
TE0 mode. As can be seen from the inset, the field configuration is asymmetric, the
evanescent field in the substrate region is larger than that in the cover region. The penetration depth of the evanescent field in a medium is defined as the distance from the
interface at which the power of the electric field decreases to 1/e of its initial value [48].
From the inset of Fig. 2, the penetration depth of the evanescent field in the substrate
region is 1.2 mm which is very high for the detection of micrometer-scale biological
objects such as cells and bacteria.
The first guided mode was found to exist in the operating frequency band
4.2 GHz < ω < 5.7 GHz for h range from 2.0 to 2.2 cm as can be seen from Fig. 3. On
the other hand, Fig. 4 shows that the second guided mode exists in the frequency range
4.2 GHz < ω < 5.7 GHz for h range from 4.0 to 4.2 cm. Figures 3 and 4 show that the
sensitivities of the first and second guided modes have the same features as those of
the sensitivity of the fundamental mode. It decays with increasing the guided wave fre-
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Fig. 3. Sensitivity versus angular frequency for the first guided mode for different guiding film
thicknesses. The waveguide parameters are the same as in Fig. 2.
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Fig. 4. Sensitivity versus angular frequency for the second guided mode for different guiding film
thicknesses. The waveguide parameters are the same as in Fig. 2.

quency for a fixed film thickness and also decreases when the thickness of the film
increases for the same ω.
Figure 5 shows the sensitivity versus the guiding film thickness for the first guided
mode for ω = 4.5 GHz. The thickness of the guiding film was varied from 1.87 to 2.4 cm
in steps of 0.01 cm. As the figure shows, the sensitivity of the proposed waveguide
structure is 100% when h = 1.87 cm and it decreases to 50% for h = 2.4 cm. This can
be explained from the inset in the figure which shows the modal index of refraction
versus the thickness of the guiding film. It shows that the modal index is equal to that
of the analyte layer when h = 1.87 cm. This means that this thickness represents
the cut-off thickness at which the entire wave propagates in the analyte layer and the
modal index is equal to that of the substrate. If the analyte is located in the cladding
region, the sensitivity corresponding to cut-off thickness is zero since the wave does

412

S.A. TAYA

1.0

1.2

Sensitivity

0.9

N

TE1

1.1

0.8

1.0
1.8

2.0

0.7

2.2

2.4

h [cm]

0.6
0.5
1.8

1.9

2.1

2.0

2.2

2.3

2.4

2.5

h [cm]

Fig. 5. Sensitivity versus guiding film thickness for ω = 4.5 GHz at which ncz = [(–3.93 + 0.13i ) ×
× (–1.63 + 0.33i )]1/2. The inset shows the modal index with the film thickness. The waveguide parameters
are the same as in Fig. 2.

TE2

Sensitivity

0.8
0.6
0.4

TE1

0.2

0.0
4.0

4.5

5.0

5.5

6.0

Frequency [GHz]

Fig. 6. Sensitivity versus angular frequency for the first and second guided modes when h = 3.0 cm. Other
parameters are the same as in Fig. 2.

not sense any changes in the analyte index due to the propagation in the substrate layer.
For thicknesses beyond the cut-off thickness, the sensitivity decreases as the figure
shows and the modal index exceeds that of the substrate as the inset shows. In Fig. 6,
the sensitivity was examined for a constant value of the film thickness (h = 3.0 cm)
for the first and second guided modes. TE1 mode was found in the operating frequency
range 4.0 GHz < ω < 4.65 GHz whereas TE2 mode was found in the frequency band
5.09 GHz < ω < 5.99 GHz. The sensitivity corresponding to the TE1 ranged from 0.014
to 0.39 while it ranged from 0.27 to 0.84 for TE2 mode. There is a considerable enhancement in the sensitivity of the second guided mode compared to that of the first
one. It is worth mentioning that the two guided modes were not found for the same
film thickness and guided light frequency.
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Fig. 7. Sensitivity versus guiding film thickness for the first and second guided modes for ω = 4.5 GHz
at which ncz = [(–3.93 + 0.13i )(–1.63 + 0.33i )]1/2. Other parameters are the same as in Fig. 2.
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Fig. 8. Sensitivity versus guiding film thickness for isotropic and anisotropic DNM cladding for ω =
= 4.5 GHz at which ncz = [(–3.93 + 0.13i)(–1.63 + 0.33i )]1/2. Other parameters are the same as in Fig. 2.

In a similar manner, Fig. 7 shows the sensitivity versus the film thickness for

ω = 4.5 GHz for TE1 and TE2 modes. The first mode was found to exist in the thick-

ness h ranged between 1.82 to 2.97 cm and its corresponding sensitivity ranged between 0.05 to 0.77 whereas the second mode was found in the film thickness h ranged
between 3.55 to 5.0 cm and it exhibited a sensing sensitivity in the range between 0.18
and 0.99.
It is worth investigating the effect of the anisotropy of the DNM cladding on the
performance of the proposed sensor. Figure 8 shows the sensitivity versus the film
thickness for TE1 mode for anisotropic as well as isotropic DNM claddings. In the latter, the DNM was assumed to have ε3x = ε3y = ε3z which are given by Eq. (1) and
μ3x = μ3y = μ3z which are given by Eq. (2). When the DNM cladding is isotropic,
the sensitivity showed a peak at an optimum value of h. It reached a maximum value
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Fig. 9. Sensitivity versus angular frequency for the first guided mode for different guiding media.
The waveguide parameters are the same as in Fig. 2.

of 57% at a thickness of 1.95 cm. On the other hand, when the DNM cladding is anisotropic, the sensitivity reached a maximum value of 100% at a thickness of 1.87 cm.
Finally, the sensitivity was investigated versus ω for three different guiding media:
Si3N4 (nf = 2.01), SiO2-TiO2 (nf = 1.75), and Pyrex glass (nf = 1.47) as shown in Fig. 9.
For fixed ω , the sensitivity is considerably enhanced as the guiding film index decreases. For example for ω = 5.4 GHz, the sensitivities were 12%, 42%, and 87% for Si3N4,
SiO2-TiO2, and Pyrex glass films, respectively. On the other hand, the operating frequency band is considerably reduced as the film index decreases. When the film was
assumed Pyrex glass, the operating frequency band was 5.35 GHz < ω < 5.9 GHz
which is a narrow band compared to 4.2 GHz < ω < 5.9 GHz for the Si3N4 film.
It is worth illustrating the coupler-sensitivity relationship. If we assume the input
grating couplers, a guided mode can be excited if the wave vector components of
the diffracted wave are equal to those of the guided mode. The incoupling efficiency
(η = P'/P) is defined as the ratio of the power P' of the incoupled guided mode to the
power P of the incident beam and it can be written as η = η m η̂ , where η m and η̂
are the maximum incoupling efficiency and normalized incoupling efficiency, respectively. The incoupling efficiency is a function of the detuning variable denoted as N
and this dependence has the form of a resonance curve of finite width δN [2]. For
N = 0, maximum incoupling efficiency occurs at which η = η m and η̂ ( N = 0 ) = 1.
A change in N can be obtained by changing either the modal index of refraction of the
guided mode or the angle of incidence. When the refractive index of an analyte changes, the modal index changes and the input grating coupler sensor responds to changes
in the modal refractive index. This response can be observed in the change in the incoupling efficiency η̂ ( N ). The sensitivity of the grating coupler sensor is determined
by how much η̂ ( N ) responds to the change in the refractive index of the analyte. In
this case, the input grating coupler works as a refractometer. To determine the change
in the analyte index, the shift of the angle of incidence of optimum incoupling is
measured or the relative change ΔP' /P' of the incoupled power P' is determined using
a detector.
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4. Conclusion
In this work, a slab waveguide optical sensor utilizing anisotropic double negative
material as a cladding layer was investigated. The measurand was assumed to be uniformly distributed in the substrate layer. The sensitivity of the sensor was studied with
the frequency of the guided wave and thickness of the guiding film for different modes
and waveguide configurations. The sensitivity was confirmed to be enhanced with decreasing the guided light frequency as well as the film thickness. At cut-off thickness,
at which the modal index is equal to that of the substrate, the sensitivity reached 100%.
For constant guiding film thickness, the sensitivity was dramatically enhanced with
increasing the mode order of the guided wave. Moreover, for fixed frequency, the sensitivity of the second mode was found to be greater than that of the first one. The sensitivity was studied for three different guiding media and found to be improved as
the guiding film index decreases, provided that the operating frequency band became
narrower for low-index guiding media.
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