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Abstract

The surface wave dispersion relations of surface Plasmon at the interface of a left-handed material
and a non-linear Kerr medium of arbitrary nonlinearity are derived based on a generalized first
integral approach. The normalized power flow is also investigated for various values of frequency.
The above study is conducted for both cases: self-focusing (« > 0) and de-focusing (a < 0) nonli-
near Kerr coefficient.
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1. Introduction

Recently there are great interest and investigation of plasmonics. This is due to the increasing of transmission in
layered thin films composed of metals and their experimental applications. Surface Plasmons are charges oscil-
lations occurring at the interface between metal and dielectric layers. Plasmonics concerns with the surface
Plasmons and the light interaction with metals.

The interaction of light and surface Plasmon has increased many applications and investigation studies such
as developed spectroscopy, high resolution microscopy and sensing, development of light sources and cloaking
left-handed materials.

Surface Plasmon excitation concerns with the free electrons oscillation of the interface between metal and di-
electric layers leading to the resultant excitation which depends of the optical properties of the two layers and
the interface geometry between the two layers. The surface Plasmon excitation is also investigated at simple
geometry interface where the left-handed material and the dielectric layers have an interface which is infinite
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planar [1] [2].

In our study, a Kerr-nonlinear type dielectric has been investigated where the dielectric function of the dielec-
tric media depends on the electric field intensity. The surface Plasmons dispersion equation at a planar interface
between a metal layer and a linear optical layer (where the wave number is k and the angular frequency is w) can
be expressed as the following:

- )

c\ ey +é,

where c is the speed of light in vacuum and the &, and ¢, are dielectric functions of the dielectric and the
metal, respectively, which can depend only on the frequency. Nonlinear dielectric-metal interface cases have
also been investigated showing that the surface Plasmon can be excited by both TM and TE waves [3]-[5]. For
such cases, the nonlinear surface Plasmon system is leading to the optical bistability, which has been observed
recently in the transmission spectrum [6] and in the Goos-Handen shift [7]. It was also found that Equation (1)
can be used with the dielectric function &, of the intensity-dependent medium (nonlinear medium) where &,
can be written as:

&4 =(9+01|E|2 2
where ¢ is the linear part and « is a nonlinear dielectric coefficients, which frequency-dependent.
In recent years, there has been an increasing growing interest in new artificial metamaterials. One of the most

important reasons is due to the unusual characteristics and behaviors. Some of new interesting application of
metamaterial is to use the left handed material or metamaterial in construction optical wave guide sensors [8]

[9].

Instead of a semi-infinite metallic region, we study here the surface Plasmon dispersion relation of a left-
handed material (LHM). LHM is a medium with negative permittivity, permeability, and refractive index, which
was initially discussed by Veselago [10] in the microwave frequency and could restore the evanescent wave-
field components, being thus termed a perfect lens. Nowadays, the efforts have been made to design LHMs for
optical frequencies using metallic nanowires [11]. Additionally, it was shown that photonic crystals demonstrate
negative refraction under some conditions [12], thus resembling the most famous feature of LHMs. Many other
features of LHM were studied in published papers [13]-[15]. In this work, we also used the correct method (first
integral approach) to derive the dispersion relation and present numerical analysis on the limitation of the in-
exact treatment by comparing its results with the correct theory.

2. Theory

ollowing the theory and approach of a TM-polarized wave which is considered to be propagated at the interface
of a Kerr-type medium and a LHM, and by ignoring any loss in both media [16]. So we can easily find out the
dispersive relation as follows; For simplicity, we take an isotropic Kerr medium as described in Equation (2), i.e.

& = 5+a(EX2 + Ef) For the case of anisotropic media, it is rather mathematically tedious [13]. In TM waves

(Figure 1), we have only y component for H Field, and the electric field in both the nonlinear medium (z =0)
and the LHM (z<0) in general can be written as:

E(F,t):%{iEx(z)fwEZ(Z)ﬁ}exp[i(wt—kx)]+c.o., @3)

where c.c. is complex conjugate constant, and the relative phase of the two components E, (z) and E,(z) is

out of phase /2. The components of the amplitudes E, (z), E,(z) and H,(z) in the nonlinear Kerr me-
dium were obtained from the Maxwell equations as following the approach in [16] have the form:
d 1( &* )
—E, =—| & —k* |E,,
dz kic
S 5B =kaE., @
[
and H, :_Egd E,.
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Figure 1. Geometry of the problem.

The solution of Maxwell Equations (4) in the LHM (z<0) which has a dielectric function ¢, , the x-com-
2

ponent electric field amplitude will have the form: E,(z)= E,, exp(qz) where g =k2—a)—2(seﬁyeff where
c

&y 15 selected in the form of the commonly used function for plasmon investigation , and x, is constructed
in an analogous form, i.e.,

2
0] Fo®

Eeff (w) :1_31 Hest ((()) =1- (5)

o’ —a),z

The losses are neglected. Here @, is an effective plasma frequency that depends upon the geometry of the
system, @, is a resonance frequency and F is a parameter that also depends upon the system structure. For the
case of LHM, Equation (4) can be transformed to

Dz = kgeﬁ Ex (6)
q
where D, is the z component of the electric induction vector D. Equation (6) hold in a linear medium with re-
placed g4 by et .
The continuity of E, and D, acrossz = 0 then yields;

E, =- kjeﬂ (e + aE2)E, @)

with E, =E,(2=0"), E, =E,(2=0") and E, isthe magnitude of the field.

A standard treatment of the nonlinear region 1 invokes a “first integral” to get at an equation for dE,, /dz
[17]. Here, the technique is generalized to arbitrary nonlinearity. Differentiating Equation (4) with respect to z
and multiplying through by dE,; /dz, we get the following equation in region 1, as:

dE, d°E, , dE, dE,, &’ dE
X x1 __ k x1 z1 ¢ E X1 8
dz dz? dz dz ¢ ™™ dz ®)
An integration with respect to z gives
E 2 2 2 2
1(dEe) 1 k? —w—zg Efl—lw—zg Efl—aw—2
2\ dz 2 c 2¢C c (9)

x| [(E%+EL) (EudE, +E40E,) |+ C,

where C is an integration constant. The key step is to recognize the identity

[(E2 + Ef)(EXdEX+EZdEZ):%(Ef+E§)2 (10)
The Equation (9) can be rewritten as
dE,, ’ 2e2 O 2 2\ 200" 2 2\?
(d—;] =k Ezl—C—zg(ExﬁEzl)—mX(ExﬁEu) +C (11)
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Applying the boundary conditions, E,, E,, and dE,/dz must vanish as z—o, then the constant C
equals zero. Equation (11) is valid for z>0.

Applying the boundary conditions at Equation (11) z=0", then we have new notations as Exl(O*)z E,o
and E,(07)=E, togive:

2 2 2
(EJ =k?E2 -2 o2 -2 g (12)

2 2
dz ), c 1+c

where E; =EZ +EZ, is the squared magnitude of the electric field at the interface between regions 1 and 2.
Requiring this result to be consistent with dE,; /dz in Equation (4) gives:

2.2
[T:Zid —ng]EZZO + 6B +%E5‘ =0. (13)
2
Furthermore, using Equation (7) together with the relation E; = EZ, +EZ,, the following expressions can be
derived as:
o EKER
0z _(ngz N kzgz)’
d m
(14)
E2 — g;qug
0x —

where &, is given from Equation (2) with |E|2 =E..

Now let us apply the above results to derive an explicit and exact dispersion relation for the surface Plasmon
at a LHM-Kerr dielectric interface. Substituting Equation (14) into Equation (13), the result can finally be re-
duced to a quadratic equation in the wave number k which, leading to the following relation:

EgfEer A €4 +E 28,
k_C() d ff d ff (15)

¢ \/(5+5d )es —3ekaEy —2ek ¢

Putting the limits « -0 or E, >0, & —¢& in the Equation (15) leads to the Equation (1) as expected.
By taking the derivative dew/dk of the Equation (15) to be zero, one can find the surface Plasmon resonance
frequency @, . This is equivalent to find the poles of Equation (15) and by writing Equation (15) in the form:

k=wf (w), one obtains dco/dkz[f (0)+f (a))]_l. However, the poles of f(w) is to be non-negative.
Furthermore, one can show that the additional poles from f (@) will be givenby ¢4 =0 and ¢, =(e+¢,)/2,

which are unacceptable since these will make k = 0 in Equation (15). Thus, we obtain the following implicit ex-
pression for @, to satisfy from the poles of Equation (15):

(g+gd)8§
g = | fa)l 16
e aEZ +2¢, (16)

Then, the surface plasmon frequency can be solved from Equation (16) to give the following relation:

-1
L[ (e " 17
., =@,. _— ,
* P aEl+2¢,

This result is compared and contrasted with the one from the inexact approach [18], namely,

Y P o, (18)
P \/1+gd \/1+g+aE02

Note that even in the weak field limit, Equation (17) implies that:
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I (19)

o ,[1+5+((ZE02/2)’

which contains an extra factor of 1/2 compared within Equation(18).
The power flow in the LHM linear medium is given by:

we . E2
P _ eff —ox 20
HM T 2keq (20)
And the power flow in the nonlinear medium is written as:
L LT (1)
207° ¢,

3. Results and Discussions

It has been noticed that the dispersion curves are obviously changed by the effect of the nonlinearity for both
self-focusing (« > 0) and de-focusing (« < 0) nonlinear Kerr coefficient, as seen in Figure 2, related to the li-
near case where o = 0, i.e., in dielectric medium.

In Figure 3, Surface Plasmon frequency @, is plotted as a function of the nonlinearity (|a| EZ). For a0,

w,, decreases monotonically with EZ while for a<0 there is a cutoff values of (|a|E02) above which no

real solution of @, exists. As can be noticed from Figure 3, the inset shows how the dispersion relation is
modified by the field-dependent dielectric constant in a Kerr medium.

The normalized power P/PR, for different values of frequency is plotted versus the wave vector k in for
a>=0 (in Figure 4) and a<0 (in Figure 5). As can be seen in Figure 4 the curves show the behavior of
P/P, s reciprocal to that of the right-handed material. This behavior is because of the left-handed material
layer where the power flow is in the opposite direction. While in Figure 5, where o <0 the power flow shows
two interesting behaviors, i.e., the non-reciprocal behavior and the bistability behavior. The bistability confirms
that some of the power flow is in the positive direction while the other in the negative direction.

4. Conclusion

It is noticed from our above treatment that the dispersion curves are strongly dependent on the intensity of the
electric field. The most important conclusions are that for « =0 the surface plasmon resonance frequency de-
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Figure 2. Dispersion curves for different electric field strength:
Eo-o (curve 1) and EZ =9 x 10" V¥/m?, (a0, curve 2)
and (=<0, curve 3).
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Figure 3. The surface plasmon frequency versus the field in-
tensity for different value of <0 curve 1, and «>0
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Figure 4. The normalized power P/P, for different values of fre-
quency: f = 5.1 GHz (curve 1), f = 5.15 GHz (curve 2), and f =
5.19 GHz (curve 3) for o >0.
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Figure 5. The normalized power P/P, for different values of fre-
quency: f = 5.11 GHz (curve 1), f = 5.15 GHz (curve 2), and f =
5.17 GHz (curve 3) for a<0.
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creases monotonically with |a|E> whereas for o <0, there is a cutoff value. It has been shown that the re-
versed power flow is due to the LHM material which is acting as a mirror for o >0, but for « <0 both re-

versal and bistability cases have been clearly observed. The two interesting behaviors could lead to new design
of future application in Optoelectronic-Microwave technology.
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